In this paper, we discussed about the Co-cylic co-purity of the dualization of cyclic purity i. e., the Co-purity versus Cohn's purity and the C-purity versus CP and the Co-cyclic co-purity versus purity and Co-cyclic co-purity versus Cpurity. Many examples are given to show that the concepts of Co-cyclic Co-purity and Cyclic purity are independent.
INTRODUCTION
In model theory, the notation of pure, exact sequence is more useful than split exact sequences. There are several variants of this notion. R.Wisbauer [20] generalized the notion of purity for a class P of /?-modules . He defines a short exact sequence 0 → A → B → C → 0 of R modules to be Ppure, if every member of P is projective with respect to this sequence. Cohn's [3] purity is precisely P-purity for the class P of all finitely presented R-modules. Cohn's purity is called as purity.
The two more types of P-purity are of interest. One introduced by Simmons [15] , called cyclic purity, in which P is the class of all cyclic P-modules. In the Section 3, we give examples to show that the cyclic purity and Cohn's purity are independent. Another type of P-purity considered by Divaani-Aazar'et. al. [4] , called Cyclically purity, in which P is the class of R-modules which are isomorphic to Rn /G where n is any natural number and G any cyclic submodule of Rn. Actually, this purity is a generalization of Cohn's purity. Divaani [4] , proved that this purity is precisely the intersection purity which was introduced by Stenstrom. In Section 4, we give examples to show that the concepts of cyclic pure and cyclically pure are independent. The First author dualized the Cohn's purity, by introducing Copurity [7] . In this paper, we study the co-cyclic co-purity as the dualization of cyclic purity.
DEFINITIONS AND NOTATIONS
In this paper, by a ring R we mean an associative ring with unity and by MM R-module we mean a unitary right .Rmodule.Consider a short exact sequence, ϵ : 0 → A → B → C → 0 of R modules We call an R-module M to be ϵ -i injective (resp. ϵ -projective) if M is injective (resp. projective) with respect to the short exact sequence ϵ.
Definitions
An exact sequence ϵ : 0 → A → B → C → 0 of R-modules is said to be cyclic pure (c-pure in short) if every cyclic Rmodule is  ϵ -projective.
An exact sequence ϵ : 0 → A → B → C → 0 of R-modules is said to be cyclic pure (CP in short) if every R-module which is isomorphic to R n /G where n any natural number and G cyclic submodule of R n , is ϵ -projective.
An R-module M is said to be co-cyclic, if it can be embedded in the injective hull of a simple R-module. M is said to be sub directly irreducible if the intersection of any family of nonzero submodules of M is nonzero. It. is easy to prove that the concepts of co-cyclic module and subdirectly irreducible module are equivalent.
An It module M in said to be finitely embedded (f.e) [18] (later called by J.P. Jans [8] as co-fmitely generated) if, E(M] = E(S 1 )  E(S 2 )  .....  E(S n ) for some simple R modules S 1 ,...,S n (here E(A) denotes the injective hull of an R-module A).
A R-module M is said Otis was finitely co-generated [1, p. 124] , if the following condition is satisfied. If Ʒ is any family of submodules of M such that ∩Ʒ= (0) then there is finite subfamily F of Ʒ such that ∩Ʒ= (0). It was shown unit the concepts of finite embedded ami finitely co-generated are same CF [8] .
An R-module M is said to be cofree [6] , if M is embeddable in a direct product, of the injective hulls of a family of simple Rmodules.
A R-module M is co-finitely related if there exists a short exact sequence, 0 → M → N → K → 0 where N is cofree and N and K are co-finitly generated.
An exact sequence, ϵ : 0 → A → B → C → 0 of R modules is said to be copure if every co-finitely related R-modules is ϵ -i injective.
A submodule A of an R-module B is said to be∩ -pure B [16] if AI = BI∩ A, for every left ideal I of R.
C-PURITY VERSUS COHN'S PURITY 3.1 Case: In General Purity Does Not Imply C-Purity
Let R =   R 0 and S =  αϵA R 0 where {R0} is any infinite family of fields. Clearly S in an essential ideal of R. If S is cyclic pure, in R then R/S is projective with respect to the canonical short exact sequence 0 → S → R → R/S → 0 . Then S is a direct summand of R. Since, S is an essential ideal of R, this implies that R = S, which is impossible. So, S is not cyclic pure in R. Since, R is a von-Neumann regular ring by [17. Proposition 11.1], S is pure in R.
Case: In General Cyclic Purity Does Not Imply Purity
Let R = k [X, Y] be a polynomial ring in two variables X, Y over a field k. Here, the ideal (X, Y) of R is torsion-free, but not flat as an R-module. (( cf. [l.Clmpter I, Exercise 2.3])). Let (X, Y) = F/ K for a free module F and a submodule K.
THE C-PURITY VERSUS CP 4.1 Case: In General CP Docs Not Imply C-Purity
Since, CP is a generalization of purity, a pure, exact sequence is always CP-exact. Hence, the example given after the Remark 3.1, serves our purpose.
Case: In General C-Purity Does Not Imply CP
Consider the example given after Remark 3.2. In that example, if K is CP in F, then by [4, Proposition 2.2], KI = K∩ FI, for every ideal I of R. Then by [20, 36.6] , (X,Y) is flat, which is a contradiction. Hence K is not a CP submodule of F.
THE CO-CYCLIC COPURITY
In this section, we study the co-cyclic co-purity, which is given by Choudhari and Tiwari [2] . But we study the concept as the dualization of c-purity.
Definitions
A short exact sequence, ϵ : 0 → A → B → C → 0 of R modules is said to be co-cyclically copure [2, p.1568] (in short ccp) if every cocyclic R-modulc is ϵ -injective. 

Proposition
For a submodule A of an R-module B, the following conditions are equivalent.
i) A is ccp in H.
ii) For each 0 ≠ a ϵ A and a submodule C of A maximal with respect to the property not containing a, there exists a submodule D of B containing C maximal with the following properties a D, C = D ∩ A and B = D + A.
Let A, B,C be R-rnodule such that A is a submodule of B and B is a submodule of C.
i) If A is ccp in B and B is ccp in C then A is ccp in C.
ii) If A is ccp in C then A is ccp in B.
iii) If B is ccp in C then B/A is ccp in C/A. 
. Hence, g/B = f. Hence, the result.
Case
By the Proposition 5.4, it is clear that the family of all ccp short exact sequences of R-rnodule forms a Proper Class in the sense of MacLane [10] .
Proposition i) If A is a co-cyclic, ccp submodule of an R-module B then
A is a direct summand of B.
Proof :
Since, by hypothesis, A is co-cyclic, ccp submodule of B the identity map IA of A extends to an R-homomorphism from B to A. This implies that A is a direct siimmand of B. 
ii) A submodule B of an R-module C is ccp in C if and only if for every sub module A of B such that B/A is co-cyclic, B/A is a direct summand of C/A.
Proof : Only if the let A be a submodule of B such that B/
Proposition
For a ring R the following conditions are equivalent.
i) R is right V -ring.
ii) Every short exact sequence of R-modules is copure.
iii) Every short exact sequence of R-modules is ccp. 
If A is a, ccp submodule of an R-module B then, AI = BI ∩ A, for every right ideal I of R.
Proof: Let f be any right ideal of R. Clearly AI  BI ∩ A.
For the reverse inclusion. let, x ϵ BI ∩A . Suppose x AI . Let K be a submodule of A maximal with the property that AI  K and x K(we note that since I is a right ideal of R, AI is a submodule of A). Then A/K is sub directly irreducible ami hence co-cyclic. 
Corollary
If a right ideal I is ccp submodule of R, then I is idempotent.
If R is a commulative ring then every ccp submodule of an Rmodule M is an ∩ -pure submodule of M.
If R is a commulative ring and if 0→A→F→B→0 be cheap with F flat, then B is flat.
Proof: Let 0→A→F→B→0 be ccp then by the above proposition AI = FI ∩ A for every ideal I of R. Hence, by [20, 36.6] B is flat. Fuches in [5, p. 121, Ex. 1] has mentioned an equivalent condition fo the pure subgroup. This condition is partially generalized in the following proposition for ccp submodules over comulative rings. 
CCP VERSUS PURITY 6.1 Case: In General A Pure Submodule Of A R-Module Need Not Be Ccp Sub-Module
In, the first author gave an example for a pure submodule which is not co-pure. We prove that the same example serves our purpose. In particular T is a pure submodule of E(S).
Proposition
Oner a commulantive Noetherian (co-Noetherian) ring a pure submodule of an R-module is ccp submodule.
Proof: Follows from [7, Proposition 12] and Proposition 5.15.
CCP VERSUS C-PURITY 7.1 Remark: In General Ccp Does Not Imply Cyclic Purity
In the above example, after Remark 3.1, the ring R is a commutative von-Neumann regular ring and hence V ring. So, by Proposition 5.7, S is ccp in R. But it is proved that S is not cyclic pure in R.
Case: In General Cyclic Purity Does Not Imply Ccp
In the above example, after Remark 3.2, K is proved to be cyclic pure in F. But by the Corollary 5.11 above, K is not ccp in F, since F/K = (X,Y) is not flat.
CONCLUION
From the above section and examples it is clear that the genral purity does not imply C-purity and in genral cyclic purity does not imply purity and that we get the conclusion that the cocyclic co-purity does not imply cyclic purity and cyclic purity does not imply co-cyclic co-purity.Hence the concepts of cocyclic copurity and cyclic purity are independent.
